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END-POINT ESTIMATES FOR SINGULAR INTEGRALS WITH 
NON-SMOOTH KERNELS ON PRODUCT SPACES 

XUAN THINH DUONG, JI LI AND LIXIN YAN 


Abstract. The main aim of this article is to establish boundedness of singular integrals 
with non-smooth kernels on product spaces. Let Li and L 2 be non-negative self-adjoint 
operators on and respectively, whose heat kernels satisfy Gaussian upper 

bounds. First, we obtain an atomic decomposition for functions in x 

where the Hardy space xR"^) associated with Li and L 2 is defined by square 

function norms, then prove an interpolation property for this space. Next, we establish 
sufficient conditions for certain singular integral operators to be bounded on the Hardy 
space when the associated kernels of these singular integrals only satisfy 

regularity conditions significantly weaker than those of the standard Calderon-Zygmund 
kernels. As applications, we obtain endpoint estimates of the double Riesz transforms 
associated to Schrbdinger operators and a Marcinkiewicz-type spectral multiplier theorem 
for non-negative self-adjoint operators on product spaces. 
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1. Introduction and main results 

Modern harmonic analysis was introduced in the 50s with the Calderon-Zygmund theory 
at the heart of it. This theory established criteria for singular integral operators to be 
bounded on different scales of function spaces, especially the Lebesgue spaces 1 < p < 00 . 
To achieve this goal, an integrated part of the Calderon-Zygmund theory includes the theory 
of interpolation and the theory of function spaces, in particular end-point spaces such as the 
Hardy and BMO spaces. 
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While the Calderon-Zygmund theory with one parameter was well established in the three 
decades of the 60s to 80s, multiparameter Fourier analysis was introduced later in the 70s 
and studied extensively in the 80s by a number of well known mathematicians, including R. 
Fefferman, S.-Y. A. Chang, R. Gundy, E. Stein, J.L. Journe (see for instance, in. mi. mi. 
[23], [211, [25], [26], [29], [IT], [38]). However, in contrast to the established one-parameter 
theory, the multiparameter theory is much more complicated and is less advanced, especially 
that there was not much progress in the last two decades on the topic of singular integrals 
with non-smooth kernels on product spaces. 

The aim of this article is twofold: to obtain an atomic decomposition for the new Hardy 
spaces introduced recently in [18] and to establish end-point estimates for singular integrals 
with non-smooth kernels on product spaces. 

Let us remind the reader that in the standard theory of singular integrals on product 
domains, R. Fefferman obtained the boundedness properties on Hardy spaces x 

and on L(log''’L) of singular integrals that generalize the double Hilbert transform on product 
domains ([23]) as follows. Suppose that T is a bounded linear operator on L^(M"'i x 
with an associated kernel K{xi,yi,X 2 ,y 2 ) in the sense that 


( 1 . 1 ) 


Tf {xi,X2) 



K{xi, yi, X 2 , y 2 )f{yi, y 2 )dyidy 2 , 


and the above formula holds for each continuous function / with compact support, and for 
almost all {xi,X 2 ) not in the support of /. For each xi,yi E set |/i)(x 2 , 2 / 2 ) to 

be the integral operator acting on functions one variable whose kernel is given by 


( 1 - 2 ) K^^\xi,yi){x2,y2) = K{xi,yi,X2,y2)- 

Similarly, let 


(1-3) K^'^\x 2 ,y 2 )ixi,yi) = JF(xi, 1 / 1 , X 2 , 1 / 2 ). 

For an integral operator, s, acting on a function / G L^(M”) and given by 


sf{x) 


k{x,y)f{y)dy, 


if 


(*) [ \k{x,y)-k{x,y')\dx ^ 

J \x-y\>'y\y-y'\ 


for 7 > 2 and some <5 > 0, then dehne \s\cz = ||s||l 2 - 1 - inf{C > 0| (*) holds}. With these 

conventions, we can state a result of R. Fefferman f [23j): 


Theorem A. Let T be a hounded linear operator on L^(M”'i x M”'^) with an associated kernel 
K{xi,yi,X 2 ,y 2 )- Suppose that there exists some constant 5 > 0 such that for all 7 > 2 , 


(1.4) 

and 

(1.5) 


hi-yi|>7|yi-?/ll 


K^^\xi,yi) - K'^^\xi,y[)\^^dxi < C7 


'\x2-y2\>i\y2-y2\ 


K^‘^\x 2 ,y 2 ) - A'^^n^2,|/2)|c-z^^2 < C7 ^ 
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Then T extends to a bounded operator from x M"'^) to x and also has 

the following weak type estimate on L(\og^L): 

\{\Tf{x)\ > a,{xi,X 2 ) e [0, X [0,1]'^=}! < ^||/||L(iog+L), Va > 0 
for all functions f{xi,X 2 ) whose supports are contained in the unit square. 

It should be noted that unlike the one parameter case, the operator T does not satisfy the 
weak type (1,1) estimate. That is, for every / G x M”^), endpoint estimate of 

|{(xi,X 2 ) e X : \Tf{x)\ > a}| < ^||/||li(r"ixir" 2 ), Va > 0 

fails. From the point of view of interpolation theory. Theorem A shows that the Calderon- 
Zygmund theory on product domains shift the focus of the attention from the ‘weak’ 
theory to the ‘strong’ L^)-theory (see for examples, [IDl EH EH EH EH EH EE])- 

In this article, we consider certain singular integrals on product spaces whose kernels are 
not smooth enough to fall under the scope of Theorem A. More specihcally, we replace the 
smoothness conditions fll.dp . fll.Sp by the weaker conditions fll.bp . fll.Zp . and we add condition 
fll.Sp . To overcome the difficulties created from the absence of fll.dp and fll.Sp . our strategy 
is to use suitable generalized families of approximations to the identity as in [19] and to 
develop atomic decomposition for suitable Hardy spaces associated with operators (see for 
example |2I] and [TS] for related Hardy spaces associated with operators). We then establish 
endpoint estimates of those singular integrals with non-smooth kernels on appropriate Hardy 
spaces ^ M”^), where ^ ^ class of Hardy spaces associated with 

non-negative self-adjoint operators with Gaussian upper bounds on theirs heat kernels. See 
Section 3 for a detailed study of these Hardy spaces. We note that the need to study Hardy 
spaces associated with operators arises from the fact that singular integral operators with 
non-smooth kernels might not behave well on the standard Hardy spaces. 

Our framework is as follows. Let T be a bounded linear operator on x M"'^) with an 

associated kernel K{xi,yi,X 2 ,y 2 )- Let Li,i = 1,2 be non-negative self-adjoint operators on 
L^(M"'*) and that the semigroup generated by —Li on L^(M”*), has the kernel Pt{xi,yi) 

which satishes the following Gaussian upper bound 

(GE) \pt{xi,yi)\ < (^- ^ > 0, Xi,yieW^\ 

Gonsider the composite operators T o ® e~^^^^),ti > 0, which have associated kernels 

1 / 1 )^ 2 , 2 / 2 ) in the sense of (II.Ih . For convenience, we write 


^K(^t^^t2){.xi,yi,X2,y2) 

= \l<{xi,yi,X 2 ,y 2 ) - Kpuo){xi,yi,X 2 ,y 2 ) - /^(o,t 2 )(^i)//u^ 2 , 1 / 2 ) + Kpi,t 2 ){xi,yi,X 2 ,y 2 )\- 


Set 


K\llt 2 )^xi,yi){x 2 ,y 2 ) = A:pi,t 2 )(xi, 1 / 1 , X 2 , 1 / 2 ), 

^(?i,i2)(^2,i/2)(a:i,i/i) = K{t^^t2){xi,yuX2,y2)- 
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Instead of conditions (ll.4jl and (11.51) . we assnme the following: Snppose that the composite 
operators T o ® > 0,i = 1,2 have associated kernels Ui, ^ 2 , 2 / 2 ) in 

the sense of fll.ip and there exist some constants 5 > 0 and C > 0 snch that for all 71,72 > 2 , 

(1-6) f \\k^^\xi,yi) - ^{^V o)(a:i,2/i)||(L2(Kn2)_i2(Rn2))cia;i < C'jk, 

(1-7) / 2 / 2 ) — K'^l\ 2 Ax 2 ,y 2 )\\{L^{R^l),L^{K^i))dX 2 < 0^2^, 

\^2—y2\>'12t2 ^ 

( 1 . 8 ) \^^{tlAM^yi,^2,y2)\dx^dx2 < 

\x2-y2\>'r2t2 

We note that in onr conditions fll.6p and fll.7p . the norm of the operators in the 
integrands were used in place of the CZ estimate (which is stronger than norm) in fll.dp 
and fll.5p . meanwhile condition fll.Sp plays a similar role to the required CZ estimate in |23] . 
It can be checked that conditions fll.bp and fll.Zp are indeed weaker than conditions fll.4p and 
fll.5p (see [IS])- Our main result on the boundedness of singular integrals is the following 
(Theorem 14. II in Section 4). 

Let T be a bounded linear operator on x M"'^) which satisfies conditions fll.bp . fll.Zp 

and fll.Sp . Then T extends to a bounded operator from Hf^ ^ x 

hence by interpolation, bounded from x M"'^) to x for 1 < p < 2. 

In Section 6, we shall exhibit a class of singular integrals which satisfy the conditions fll.bp . 
fll.Zp and fll.Sp but not the conditions fll.4p and fll.5p . More specihcally, we use Theorem 14.11 
to obtain boundedness of 

(i) the double Riesz transforms associated to Schrodinger operators with non-negative 
potentials (Theorem 15.ip : and 

(ii) a variant of the Marcinkiewicz spectral multiplier theorem for non-negative self-adjoint 
operators on product spaces when the operators satisfy upper Gaussian heat kernel bounds 
(Theorem 15.2p . 

The layout of the paper is as follows. In Section 2 we recall some basic properties of 
heat kernels and hnite propagation speed for the wave equation. In Section 3 we shall 
obtain an atomic decomposition of functions for x M^^) associated with non¬ 

negative self-adjoint operators with Gaussian upper bounds on the heat kernels. The atomic 
decomposition for elements in the Hardy spaces x M"'^) (Theorem 13.4p is of 

independent interest and it also plays a key role in the proofs of the main result in Section 
4, namely Theorem 14.11 which give endpoint estimates of boundedness of singular integrals 
on Hardy spaces on product domains. Finally, in Section 5, we apply our main results to 
deduce endpoint estimates of the double Riesz transforms associated to Schrodinger operators 
with non-negative potentials and to obtain boundedness of a Marcinkiewicz-type spectral 
multiplier theorem for non-negative self-adjoint operators on product spaces. 

Throughout, the letter “c” and “C” will denote (possibly different) constants that are 
independent of the essential variables. 
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2. Backgrounds on heat kernel bounds and spectral multipliers 

This section contains the backgrounds on heat kernel bounds, finite propagation speed of 
solutions to the wave equations and spectral multipliers of non-negative self-adjoint opera¬ 
tors. 

2.1. Assumptions on heat kernel bounds. Unless otherwise specified in the sequel we 
always assume that Li,i = 1,2 are non-negative self-adjoint operators on and that 

each of the semigroups generated by —Lj on has the kernel Pt{xi,yi) which 

satisfies the following Gaussian upper bound 



(GE) 


for all f > 0, and Xi,yi G where C and c are positive constants. 

Such estimates are typical for elliptic or sub-elliptic differential operators of second order 
(see for instance, [I6] and ini)- As the semigroups e are holomorphic, the Gaussian 
upper bounds for pt{xi,yi) are further inherited by the time derivatives of pt{xi,yi). That 
is, for each k eN, there exist two positive constants Ck and Ck such that 



( 2 . 1 ) 


for alH > 0, and Xi,yi G For the proof of (12.11) . see |I6] and [iQ], Theorem 6.17. 
In what follows, we denote 



For any {x,t) G x and / G x we set 

<S)e~*^^^)f{xi,X2) ■= PtAxi,yi)Pt2i^2,y2)fiyi,y2)dyidy2, 

J ./R"i xR"2 

where we wish to stress that if f = 0, then = 1,2, the identity operator on 

L2(M^*). 

In the absence of regularity on space variables of pt{xi, yi), estimate fl2.ll) plays an impor¬ 
tant role in our theory. 

2.2. Finite propagation speed for the wave equation and spectral multipliers. Let 

us recall that, if L is a non-negative, self-adjoint operator on L^(M”), and Ei{X) denotes its 
spectral decomposition, then for every bounded Borel function F : [0, oo) -E- C, one defines 
the bounded operator F{L) : L^(M"') —)■ L^(M"') by the formula 



In particular, the operator cos{ty/L) is then well-defined and bounded on L^(M”). Moreover, 
it follows from Theorem 3 of [13] that if the corresponding heat kernels Pt{x, y) of satisfy 
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Gaussian bounds (GE), then there exists a hnite, positive constant cq with the property that 
the Schwartz kernel -K’cos(tv/i;) cos{t'/L) satishes 

(2.3) ^^PP^cositVL) ^ e X : |x - I/I < cot}. 

See also [13]. By the Fourier inversion formula, whenever F is an even, bounded, Borel 
function with its Fourier transform F G L^(R), we can write F{'/L) in terms of cos{t'/L). 
More specihcally, we have 

/ CX) 

F(t) COS (ty/L) dt, 

■OD 

which, when combined with fl2.3p . gives 

(2-5) Kp^^^{x,y) = (271)-^ f _ dt, \/x,yeW^. 

J\t\>CQ ^\x-y\ 

The following result (see Lemma 3.5, H) is useful for certain estimates later. 

Lemma 2.1. Let ip G G^(M) he even, suppip C (—Co^,Cq^), where Cq is the constant in 
fl2.3p . Let $ denote the Fourier transform of ip. Then for every n = 0,1, 2,... , and for 
every t > 0, the kernel K{t 2 LYq,{t^){Xiy) of the operator which was defined 

by the spectral theory, satisfies 


(2.6) suppiL(i 2 ^).^(j^)(x,|/) C I (a:,!/) G M” x M” : |a: - |/| < f|. 

Going further, we state the following version, (see Lemma 3.5, |S1])- 

Lemma 2.2. Let ip G G((°(M) be an even function with f ip = 2 tt, supp<p C (—1,1). For 
every m = 0,1,2,..., set <h(^) := 0(0, <h*^™^(^) := ^$(^). Let K,m eN and k + m E 2N. 
Then for any t > 0, the kernel d) {ty/LY^^'^\ty/L) satisfies 

(2.7) suppiL(jyi;)„^M(^y;^) C {(x, |/) G X : \x-y\<t} 
and 

( 2 - 8 ) ^ ^ 

for any x,y E M"'. 

Finally, for s > 0, we dehne 

F(s) = 1-0 : C —)■ C measurable : \YY)\ ^ 

I (1 + \zY) J 

Then for any non-zero function xjj G F(s), we have that {/q°° ^ Denote by 

Ytiz) = '0(tY). It follows from the spectral theory in [17] that for any / G L^(R”), 


(2.9) 
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where k 




an estimate which will be often used in the sequel. 


3. Hardy space x M"-^) and its atomic decomposition 

CHARACTERIZATION 

We shall work exclusively with the domain x and its distinguished boundary, 

lfa; = {xi,X2) G M""! xM"'^^ CQne r(a;) = r(a:i) xr(a;2) 

where r(a;i) = {(2/1, ti) G : |xi - yi\ < ti} and r(a;2) = {(|/2,^2) e : \x2 - 2/2I < 

^ 2 }- If {x,t) G X then will denote the rectangle centered at a; G R"'^ x R”^ 

whose side lengths are ti and ^ 2 - For any open set H C R"'^ x R"’^, the tent over H, T(f2), is 
the set 

(3.1) |(a:,t) G R"i+^ X R!(.2+i ; C h|. 

Suppose that Li,i = 1 , 2 , are non-negative self-adjoint operator on //^(R"') such that the 
corresponding heat kernels pt^{x,y) satisfy Gaussian bounds (GE). Given a function / on 
Rni ^ ]^n 2 ^ area, integral function Sf associated with an operator L is dehned by 

(3.2) Sfix) =( [[ |(t?Fie-'i^i( 8 )t 2 L 2 e-' 2 ^ 2 )/(i/)|' J+it,+i 

It is known that for 1 < p < 00 , there exist constants Ci, C 2 (which depend on p) such that 
O<G 1 <G 2 <CXO and 

(3.3) Gi||/||p<||^/||,<G2 ||/||,. 

We adopt the following dehnition from [T 8 ] . 

Definition 3.1. For i = 1, 2, let each Lj be a non-negative self-adjoint operator on L^(R"'*) 
such that the corresponding heat kernels Pti{x,y) satisfy Gaussian bounds (GE). The Hardy 
space x R"'^) associated to Li and L2 is dehned as the completion of 

{/ G L2(R"i X R”^) : ||F/|Ui(KnixR" 2 ) < 00 } 
with respect to the norm 

II/IIhi^ ^^(R"ixR"2) = ||*S'/||ii(iRni 



Remarks. 

(i) Note hrst that H\^ ^ R""^) is a normed linear space. By a standard argument 

of functional analysis ( 03 ) that X R^2^ jg a Banach space. 

(ii) Let Li,i = 1,2 be the Laplacian A„. on R"'h It follows from area integral character¬ 
ization of Hardy space by using convolution that the Hardy space x R”^) coincides 

with the spaces ^ R”^) and their norms are equivalent. See [TOl [TTl [23] . 
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3.1. Atomic decomposition for x Suppose Vt C x is open of 

finite measure. Denote by m{Q) the maximal dyadic subrectangles of D. Let mi{Q) denote 
those dyadic subrectangles ROQ^R = IxJ that are maximal in the Xi direction. In other 
words if S' = /' X J D i? is a dyadic subrectangle of D, then I = Dehne m 2 (D) similarly. 
Let 

D = {x e X : Ms{xn){x) > 
where Mg is the strong maximal operator dehned as 

Msif)ix) = sup [ \fiy)\dy. 

R-. rectangles in R"lx]R'* 2 , x&R \XC\ Jjn 

For any R = I x J G mi(D), we set 7 i(i?) = 7 i(i?, D) = sup|jJ|, where the supremum is 

taken over all dyadic intervals / : / C / so that / x J C D. Dehne 72 similarly. Then Journe’s 
lemma, (in one of its forms) says, for any 5 > 0 , 

|i?| 7 r'(i?) < C 5 |D| and |i?|72"'(i?) < c^l^l 

-RSm, 2 (D) iJSmi(r 2 ) 

for some cs depending only on 6, not on D. 

We now introduce the notion of {Hl_^ 2, M)-atom associated to operators. 

Definition 3.2. Let M be a positive integer. A function a(xi,X 2 ) G x is called 

M)-atom if it satishes 

1 ) supp a C D, where D is an open set of x with hnite measure; 

2 ) a can be further decomposed into 

a = qr 

R^m{Q) 

where m(D) is the set of all maximal dyadic subrectangles of D, and there exists a series of 
function Br belonging to the range of in L^(R"i x R”^), for each ki,k 2 = 1, - ■ ■ , M, 

such that 

(i) aR={Lf(^L^)bR-, 

(ii) supp (g) L^^^Br C lOi?, /ci, /i ;2 = 0,1, • • • , M; 

(hi) I |a| |l 2 (R"i xR" 2 ) < 1^1 ~2 ^-nd 


R=iRxJiiem{n) 


{e{iRY {e{jRf L^y^R 


2 

L2(R"1 xR'*2) 




We are now able to dehne an atomic ^ space, which we shall eventually show 

that it is equivalent to the space via square functions. 

Definition 3.3. Let M > max{ni, ?7,2}/4. The Hardy spaces ^2 at ^ 

dehned as follows. We say that f = is an atomic ^ 2 ,2, M)-representation of / 

if {Aj}^Q e each aj is a 2, M)-atom, and the sum converges in L^(R”i x R”^). 

Set 
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X M"'^) = {/ : / has an atomic 2, M) — representation}, 

with the norm given by 


( 3 - 4 ) 

oo 

= inf aj is an atomic {H\^ 2, M)—representation|. 

i=o j 

The space ^ is then dehned as the completion of x 

with respect to this norm. 


We shall say see that any hxed choice of M > max{ni, n2}/4, the Hardy spaces 
M"'^) yield the same space. Indeed, we shall show that the “sqnare function” and “atom” 
spaces are equivalent, if the parameter M > max{ni,?7,2}/4 in the next theorem. 


Theorem 3.4. Suppose that M > max{?7,i, ?7,2}/4. Then 


X R”=) = X R”>), 


Moreover, 


^^(R"i xR"2) 


HT 


where the implicit constants depend only on M, ni and n 2 - 


3.2. Proof of Theorem 13.41 We now proceed to the proof of Theorem 13.41 The basic 
strategy is as follows: by density, it is enough to show that when M > max(^, ^), 

X R“>) = X R"=) nT(R». X R”>) 

with equivalent of norms. The proof of this fact proceeds in two steps. 

Step 1. X K""') ^ ^ ^ X if M > max(^, ^). 

Step 2. L2(i^”^ X n x M”'^) C at x M"^), for every M eN. 

We take these in order. The conclusion of Step 1 is an immediate consequence of the 
following pair of Lemmas. 


Lemma 3.5. Fix M G N. Assume that T is a linear operator, or a non-negative sublinear 
operator, satisfying the weak-type (2,2) bound 


j {i 6 R”' X R”> : |r/(i)| > I)} I < C7.i)-"||/||L„..x«..|, Vi, > 0, 

and that for every 2, M)-atom a, we have 

(3.5) ||7"a||il(IRni xKn2) < C 

with constant C independent of a. Then T is bounded from xM”'^) to x 

and 

||^/||l1(R"1xR" 2) < ^ll/llHl^^^^^^J_J^^(R"lxR"2)• 
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Consequently, by density, T extends to a hounded operator from ^ 

Proof. Let / G ^ where / = atomic 

representation such that 


j=0 

Since the sum converges in (by dehnition), and since T is of weak type (2,2), we have 
that at almost every point. 


(3.6) |r(/)|<5^|A,||r(a,)|. 

j=0 

Indeed, for every p > 0, we have that, if f^ := J2j>N then, 

CX> 

\ {x : \Tf{x)\-^\Xj\\Taj{x)\ > p}\ < limsup |{x : |T/^(x)| > r/}| 

. ^ N—¥oo 

3=0 

< Ct r]~‘^ limsup \\f^\\l = 0, 

N—>-oo 

from which fl3.6p follows. In turn, fl3.6l) and fl3.5p imply the desired bound for Tf. □ 

Lemma 3.6. Let a be an {Hf^ atom with M > max(ni/4, 77 , 2 / 4 ). Let S denote the 

square funetion defined in fl3.2l) . Then for every 2, M)-atom a, we have 

(3.7) ||^a||i<C, 
where C is a positive constant independent of a. 

Proof. Indeed, given Lemma 13.61 we may apply Lemma 13.51 with T = S' to obtain 

II/IIh 1^ ^^(K'"lxR"2) = ||S'/||Ll(Krii xR"2) < <711/1101^ ^2 “i 
which Step 1 follows. 

To hnish Step 1, it therefore suffices to verify estimate fl3.7p . To see this, we need to apply 
the Journe’s covering lemma. For any j^^,2, M)-a.tom a, suppose that a = 

R£m{Q) 

is supported in an open set f2 with hnite measure. For any R = I x J E m{Q), let I be 
the biggest dyadic cube containing J, so that J x J C 12, where f2 = {x G x : 

Ms{xn){.x) > 1/2}. Next, let J be the biggest dyadic cube containing J, so that / x J C 12, 

where 12 = {x G x : Ms{Xq){x) > 1/2}. Now let R be the 100-fold dilate of J x J 
concentric with I x J. Clearly, an application of the strong maximal function theorem shows 
that I Urco R\ ^ Clfll < C|f2| < C|f2|. From the property (hi) of the (77/^^^^ , 2, M)-atom, 
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(3.8) 


We now prove 



\SX2)\dxidx2 


< < a 


(3.9) 


J{{JRY 

From the definition of a, we write 


\S{a){xi, X2)\dxidx2 < C. 


'{\JRy 


\S{a){xi,X2)\dxidx2 < \S{aR){xi, X2)\dxidx2 


(3.10) 

For the term D, we have 


R^m{Q.) 

< ^ _ \S{aR){xi,X2)\dxidx2 

Rem(O)'/(100F=xR-2 

+ V] / _ \S{aR){xi,X2)\dxidx2 

R&m(Q.) d^"ix{W0JY 

= D + E. 


/ _ \S{aR){xi,X2)\dxidx2 = I \S{aR){xi,X2)\dxidx2 

i(100/)'=xR"2 J(100/)':xl00J 

+ / _ \S{aR){xi,X2)\dxidx2 

0(100/)= X (100 J)= 

= Di + 02- 

Let us first estimate the term Di. Set aR ^2 = (li <H) L^)bR, that is, qr = (Lf^ (8) 12 ) 0 / 1 , 2 - 
Using Holder’s inequality, 


(3.11) Di < / _ ( / \S{aR){xi,X2)\'^dx2] dxi. 

0(100/)= ^01000 ^ 

We will show that there exists a constant U > 0 such that for any xi ^ lOOJ, 


1/2 


\S{aR){xi,X2)\‘^dx2 


'1000 


(3.12) 


< C 



\I\ 

1/ni-l-l 

|xi 


■ Xi\ 

2niH-l 


£(J)-^^£(J)-^"||(ll®(£(J)%)^)6K|li.(R.3xR^2), 


\-4M 


M\ 


where {xi,xj) denotes the center of R = I x J. 

Let us verify fl3.12p . From the definition of the S'-function and the L^-boundedness of the 
area function of the one-parameter. 
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\S{aR){xi,X2)\'^dx2 


(3.13) 


< 


< 


C 


ri(xi) L -'R"2 Jr2{x2) 
2 T 


tlL 2 e •)) ( 1 / 2 ) 

dyidti 


'ri(xi) 


tfLie ^^^^aR{yi,X2)\ dx2- 


• ni+l 


2 dy2dt2 


+n2+l 

'-2 



dyidti 


j.ni+1 

'-1 


< 



'ri(a:i) 




0-R,2{yi, X 2 ) 


2 dyidti 
.ni+l+4M *^^2, 


where the last inequality follows from the equality rr = {L^® 1 . 2 ) 0 .r^ 2 - Note that suppai ^^2 C 
supp(li(8)i^^)&ii; C lOi? = 10(J X J). We then apply the time derivatives fl2.ip of the kernel 
Pt{xi,yi) to obtain 


RHS of flRT^ 


re{I) 


< C 


J 0 J\xi—yi\<ti ^ JIQI 


exp I — 


+c 


"2 J£(7) J\x\-yi\<ti JlO/ 


exp - 


\yi - 

ctf 

bl -^ll 

ctf 


\aR,2{zi,X2)\dzi 


dyidt 


- i 


TTjdXo 


ni+l+4M “"''2 


\aR,2{Zi,X2)\dZi 


i 


dyidti 
ni+l+4M *^^2 


=; Ili(aij)(a;i) + Zl2(aij)(xi). 

Let us estimate the term Di{aR){xi). Note that if Xi ^ lOOJ, 0 < fi < ^(/), \xi —yi\ < ti 
and Zi G 10/, then \yi — Zi\ > \xi — xi\/2. We use the fact that e~^ < Cs~^ for any k > 0 
to obtain 


Di{aR){xi) < C 




' \xi-yi\<ti 


dyi exp - 


2\xi — xi\ 

ct\ 


dt 


1 


ni+l+4M 


1 


X 


\aR,2{zi,X2)\dzi 


1 2 


'lor 


dxo 


< C\I\ r'’(P-exp^ 2|x.-x,|q 


ctl 


1+4M ll®l?,2||L2(']Rnix]R"2) 


r£{i) 


< C\I\ I tl 

< C\I\- 


-2ni-4M-l 


s2(ni+2M+i) 


Fi ~ 


dtl\\ aR^2 11 L2 (]Rni X ) 


/(/) 


1, II (ll 0 -h^)/ll||i2(]R™ixR'i2) 


l^^l ~ 3;^|2(m+2M+2) 

I rll/m+l 


which is of the right order. In order to estimate the second term D 2 {aR), observe that if 
Xi ^ 100/, /(/) < fi < |xi — X 7 I/ 4 , |xi — yi\ < ti and Zi G 10/, then \yi — ^i| > |xi — Xi\/A. 
Hence, 
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D2{aR){xi) 

< cf I 


4 


/R-2 Ji{I) J\xi-yi\<ti 

P POO P 


exp - 


' 10 / 


+C' 


\yi - ^i|^ 

ct\ 

\yi - ^i| 


\aR,2{zi,X2)\dzi 


< c\l\\ I t, 

h{i) 


Fi — xi 

I J\l/ni+l 


exp ( - 

-f) dti + 

— Xt\/ 


J|xi-yi|<ti LJio/ 

-2ni-l-iM ( ^1 \2(ni+2A/-i) 


ct\ 


\aR,2{Zl,X2)\dZi 


t2 dyidti 

.ni+l+AM “^2 
^1 

2 dyidti 

,ni+l+4M ^^2 
^1 


t 


4 




dti 1 II 0/1,2 11x2(^711 X 


Fi - a;/P"i+^ 


Combining the estimates of Di{aii){xi) and D 2 {aR){xi), estimate (13.121) follows readily. 
Putting fl3.12p into the term Di in (13.lip , we have 


|J|l/2: 




'(100/)': 


< ® {iijfL2)^)bR\\L2^^r., 


XlR" 2 ). 


Now we turn to estimate the term D2. Note that qr = (Lf^ (8) L^)hR and supp hR C 
lOi? = 10(1 X J). One can write 


[S{aR){xi,X2)y 


(g) {tlL2)^+^e-^"^ybR{yi,y2) 


2 dyidti dy2dt2 

ni-|-4M-|-l .n2+4M-|-l 

in 


t 


1 


ri(xi) r2(x2) 

r‘£(/) ri{J) r^{i) 

<^< / /+//+//+//,, 

'0 Jo Jo Ji{J) Je{I)Jo Je{I) JeiJ) ' J\xi-yi\<ti J\x2-y2\<t2 iJ 101J10J 

12, H 2 


fi^^exp ( - ("- ^ 2 “^' ]\bR{zi,Z2)\dzidz2 


ct 


1 


dyidti dy2dt2 

Rn+IM+i rR+^m+i 

li I 2 


'^D2iibR){Xi,X2). 


2=1 


By using an argument as in Di{aR) and D 2 {aR) above, together with Holder inequality and 
elementary integration, we can show that for every / = 1, 2, 3,4, 


|/|l/ni I 711/' 

D2i{bR){xi,X2) < C\R\-. - ' ' .. X ' ' 


n2 


-AM m J\-AM 


\xi — |a;2 — xj|2^2+i 




xWmifLi)^ ^{i{jyL2)^)bR\ 


L2(M"1 xR"2)’ 
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which gives 


D 2 < 


'(100/)'^x(100J)'= 


\S{aR){xi,X2)\dxidx2 


Estimates of Di and D 2 , together with Holder’s inequality and Journe’s covering lemma, 
shows that 


D < 

< 

< 


\S{aR){xi,X2)\dxidx2 




-2M 


R£m{fl) 

^ ® (^('^)^-f"2)^)^/?||L2(R"lxR'i2) + ||(ll (8) (^(^)^-h2)^)^_R||L2(IRni xRna) j 

R£m(Q) R£m{Q) 


X (||((<(/)U0" ® (<(-^)"i 2 )")(>Klli.,r.xr., + 11(1. ® (<(^)'^i2)")6«llL,r.xr2) 

Similarly, we have that E < C, and then the desired estimate of fl3.9p follows readily. 
This, together with fl3.8p . yields fl3.7p . This concludes Step 1. □ 


We now turn to Step 2. Our goal is to show that every / G ^ x 

R"^) has a atom representation, with appropriate quantitative control of the 

coefficients. To this end, we follow the standard tent space approach. 

Let us recall some basic facts from mm on product domains. First, for 1 < p < cx), the 
tent spaces on R"'^ x R”^ are defined by 


TP’ 2 (M-i X R"^) := |f : R^^^+i x R”^+i ^ C; ||F||rP,2(M^ixR"2) := M(E)|Up(KnixR" 2 ) < c^o}, 
where 


AF{x) = 


\FiyM 


dydt 


ni+l.n 2 +l 




1/2 


'r(3:) <.1 <.2 

The tent space TP’^(R”i x R"'^) is defined as the space of functions F such that A{F) G 
^p(Rni ^ ]^"' 2 ^ when 0 < p < cx). The resulting equivalences classes are then equipped with 
the norm, ||T’||TP, 2 (KnixR'i 2 ) = ||x4(F)||iP(]Rnix]Rn2). 

It has been proved in [23] and [18] that every F G T^’^(RxR) has an atomic decomposition. 


It is easy to generalize to the case TP’‘^{ 
result below. 


nni 


X R”2). For further reference, we record this 


Definition 3.7. A function a{x,t) is called a T^’^-atom, if there exists an open set H C 
Rm ^ ]^n 2 Qf finite measure satisfying the following properties: 
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i) a(x, t) can be further decomposed as a = X]Rem(o) where each qr is supported in 
T{3R), and R C fl (say, R = I x J in the sum) is a maximal dyadic subrectangle of hi; 

ii) \\0'\\L^{dydt/{tit2)) ^ 1^1 ^ X]_Rem(0) IIIIL2(rfydt/pit2)) < 

It turns out, as in the one parameter case, we have the following proposition. 


Proposition 3.8. For every element F G x there exist a numerical sequence 

{Aj}^o ^ ® sequence of -atoms {^j}^o that 


(3,14) 

Moreover, 




1,2/Tn,ni 


X M"'^) and a.e. in x 


|Aj| ~ ||.P||t1.2(R"1xR"2), 

J=0 

where the implicit constants depend only on ni and n 2 - 

Finally, if F E x fl x M"^), then the decomposition \3.14\) also 

converges in x 


Proof. Except for the hnal part of the proposition, concerning convergence, the results 
are contained in pp. 841-842, [23], also Proposition 3.3 in [18]. And we refer the reader to 
those papers for the proof. To this end, from the definition of T^’^, we have 


(3,15) Ilf III,,.,...,r.,= / AF^dx<C r r [ 

Jr"ixR"2 Jo Jo Jr"ix]R"2 

Suppose now that F E x x We recall that in the constructive 

proof of the decomposition fl3.14p in [18], one has that 

where {Sj} is a collection of the open sets which are pairwise disjoint (up to sets of measure 
zero), and whose union covers x Thus, by fl3.15p . 



as N ^ oo, where we have used the disjointness of the sets Sj and dominated convergence. 
It follows that F = in T2’2 (M^i xW^^). □ 

Now, given M > 1, we define an operator ,L 2 ,m^ acting initially on x M"'^), as 

follows: 


(3.16) T^Li,L2,MiF)i^) = 


i 1i 

iJ{tl^/L^)fJ{t2^/L^){F{■,t)){x)^^, 
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where and is the function mentioned in Lemma 12.11 In particular, 

TTLi.La.i denote by T^L-i_,L 2 - By a standard duality argument involving well known quadratic 
estimates for Li, i = 1, 2, one obtains that the improper integral converges weakly in and 
that for every M > 0, 

(3.17) ||7rLi,L2,Af(-^)IU2(K"ixK"2) < C'M||-^||r2.2(R’^i xR"2). 

Following [3l], we now observe that 7111 , 12 ,m essentially maps atoms into atoms. 

We have 

Lemma 3.9. Suppose that A is a x W^'^)-atom associated with an open set hi C 

X finite measure (or more precisely, to its tent T{Q)). Then for every M >1, 

there is a uniform constant Cm such that Cf^^7iLi,L2,M{A) is a {Hl_^ ^21 ‘^1 M)-atom associated 
with 12. 

Proof. Fix an open set 12 C x with finite measure and let A be a T^’^-atom satis¬ 
fying (i) and (ii) in Definition 13.71 that is, A{x,t) can be further decomposed as A{x,t) = 
'^R&m{n) where each Ar is supported in T{3R), and R G m(12) is a maximal dyadic 

subrectangle of 12 satisfying < |12|-i and ^ \\AR\\l 2 {dxdt/{t,t 2 )) ^ 


a = 77 Li,L2,m{A) = ^ Or 

R£m{fl) 

where Or := (g) L^^Br and 

bR= [ [ tl^ip{ti^/L^)tl^ip{t2^/L^){AR{-,t))^^, 

Jo Jo ^1 D 

where (p is the function mentioned in Lemma [2711 Then it follows from Lemma iTTl that the in¬ 
tegral kernel K(^t'^Li)>=^{tiPLi)i^y v) operator (2^Lj)^<|)(L\/Li) satisfies supp K(^t'^Lip^(^tiy/Li) ^ 
{{xi,yi) G M”* X M”* : \xi — yi\ < tj} for i = 1,2. This, together with the fact that 
supp Ar C T{3R), shows that for every /ci, /c 2 = 0,1,..., M, 

(3.18) supp (8) L^^^Br C lOi?. 

Next we estimate ||a||L 2 (RnixRr> 2 ). Taking g G L‘^(MP^ x such that ||( 7 ||L 2 (RnixR'i 2 ) = 1, 
we then use the fact that a = 77 li,L2,m{.A) to obtain 


'KLr,L2,M{A){x)g{x)dx 


xl 


< 


lim 

5^0 


xl 


/ ^jJ{tl^/L^)^jJ{t 2 ^/L^){A{■,t)){x)^— ]g{x)dx 


^nixMn2 

poo POO 


tit2 


'0 Jo 


A{x, t)'ijj{ti V^) { 9 ) (a^) 


dxdt 


t-it 


l''2 




f*00 POO 


'0 Jo 


\^p{tl ^/L'l)^p{t2^/L^) {g) (x) 

^112 / 


1/2 


— C'IDI 2 ||^||^2(Rni xRn2) < C|D| 2^ 
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and we have ||a||i, 2 (]R'ii xR" 2 ) < C|r2| 2 . 

The similar argument as above shows that for every 0 < fci, /c 2 < M, 


mR) njR) 


n xR"2 0 0 


dxdt 


Ut 


l''2 




< ^{lRf^l{JRf^ j 

R'»lxR'*2 0 0 

which gives 

5 ^ 0 (e(JRrL2fV 


dxdt 

tlt2 


*1 xR'*2) 


RCfl 


< 


c5;p„||L„,,y|,.b|,<c|sJr‘. 




Combining all the estimates above, we can see that a is a {Hj^^ 2, M)-atom as in Deh- 

nition lT^ up to some constant depending only on M, 'ip. This completes the proof of Lemma 

EH □ 

We are now ready to establish the atomic decomposition of Hl^ ^ ^ x 


Proposition 3.10. Suppose M >1. If f ^ H\^ ^ X then there 

exist a family of 2, M)-atoms {aj}°SQ and a sequence of numbers {Aj}^o ^ 

that f can be represented in the form / = X] with the sum converging in x M”^), 

and 


Hi 


< 


ixR"2) ^ C 

j=0 


xw^). 


,Z/2 

where C is independent of f. In particular, 

X R«) n LHVL"' X R’“) C 
Proof. Let / G Hf^ l 2 (^"^ ^ x ^^d set 

F{;t) = {tlL,e-^"^^ ®tlL2e-^"^^)f. 

We note that F G x R"'^) fl T^’^(R”i x R"'^) by the definition of ^ 

and Lemma [3.91 Therefore, by Proposition 13.81 

00 

j=0 
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where each Aj is a T^’^-atom, the sum converges in both x x 

and 


(3.19) 


El^t<C|IDlT«,r.xr.| — ^II/|Ih 1 (M"ixK"2)- 

t =0 


From the spectral theory ([S]), we have 


j-OO j-OO 7. 

(3.20) /(x) = — 

Jo Jo ^ 1^2 

CX) 

= 71l,,L2{F){x) = C^'^Xj7rL,,L2{Aj){x), 

3=0 

where the last sum converges in L^(M"'i x M"’^). Moreover, by Lemma 13.91 for every M > 1, 
we have that up to multiplication by some harmless constant Cm, each L 2 (^j) is 

M)-atom. Consequently, the last sum in fl3.20p is an atomic representation, so 
that / e ^ M"'^), and by fl3.19p we have 

This concludes the proof of Theorem 13.41 □ 


4. Boundedness oe singular integrals on Hardy space x and 

Lebesgue spaces Lp(M"i X 

Let T be a bounded linear operator on xM"'^) with an associated kernel /F(xi, i/i, X 2 , 1 / 2 ) 

in the sense that 


(4.1) 


Tf {xi,X2) = 


K{xi, yi, X2, y2)f{yi, y2)dyidy2, 


*1 xl 


and the above formula holds for each continuous function / with compact support, and for 
almost all (xi, X 2 ) not in the support of /. We use the same definitions for iF^^i(xi, 1 / 1 ) (x 2 , 1 / 2 ), 


K^^'>{x 2 ,y 2 ){xi,yi), T o (e Klll^^-^{xi,yi){x 2 ,y 2 ), Kl^>^^^{x 2 ,y 2 ){xi,yi) and 

AK(^t^^t 2 ){xi,yi,X 2 ,y 2 ) as in the Introduction. 

The aim of this section is to prove the following theorem. 


1 ( 2 ) 


Theorem 4.1. Let T be a bounded linear operator on xM"'^^ with an associated kernel 

K{xi,yi,X 2 ,y 2 )- Suppose that the composite operators T o 0 e~^^^^),ti > 0,i = 1,2 

have associated kernels K(^ti,t 2 ){xi,yi,X 2 ,y 2 ) in the sense of fll.ip and there exist constants 
(5 > 0 and C > 0 such that for all 71 , 72 > 2, 


(4.2) 




'hi-i/i|>7iU 
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(4.3) / \\K^‘^\x2,y2) - KfQ^q){x2,y2)\\{L^{mxi),L^w-i))dx2 < ^72 ^ 

(4.4) \^Kitl,tl){xi,yi,X2,y2)\dxidx2 < 

\x2-y2\>l2t2 

Then T extends to a bounded operator from H\^ l 2 (^"^ iq xM"'^). Hence, T 

can be extended from x DL^iW^^ x R"'^) to a bounded operator on L^(R”i x R'^^l 

for alll<p<2. 

Remark: Conditions 14.2114.31 and 14.41 are the same as conditions 11.6111.71 and 11.81 in the 
Introdnction, respectively. In the above Theorem 14.11 we repeat these conditions only for 
clarity. 

Proof. To prove Theorem 14.11 it snffices to show that T is nniformly bonnded on each 
M) atom a with M > max(ni/4, 77 , 2 / 4 ), and there exists a constant C* > 0 inde¬ 
pendent of a snch that 


(4.5) ||7"(a)||2,i(R"ixR"2) < C. 

From the dehnition of ^^,2, M) atom, it follows that a is snpported in some hi C 
Rni ^ ]^n 2 Q fnrther decomposed into a = J^Remin) R = I x J G fl, 

let / be the biggest dyadic cnbe containing /, so that / x J C hi, where fl = {x G R”^ x R”^ : 

Ms{xn){x) > 1/2}. Next, let Q be the biggest dyadic cnbe containing J, so that I x Q Gfl, 

where hi = {x G R""^ x R"^ : Ms{Xq){x) > 1/2}. Now let R be the 100-fold dilate of / x Q 
concentric with I xQ. Clearly, an application of the strong maximal fnnction theorem shows 

that I IJ i?| < Cini < Cini < Cini. From (hi) in the dehnition of {Hf^ atom, we 

Rcfi 

can obtain that 


'UR 


|T(a)(x)|da; < I U R|^^^||T(a)|U 2 < C\n\^^^\\a\\L 2 < < C. 


Therefore, the proof of (14.51) rednces to show that 


(4.6) 

Since a = ERem(o) we have 


'(ur)' 


\T{a){x)\dx < C. 


L ^cl^(«)(^)M^ - £ \T{aR){x)\dx 

(^■^j Rem(O) 


Rem(O) “ 

= D + E. 


'R= 


(1007)':xlR'"2 


\T{aR){x)\dx + ^ 


R£m{Q) 


^1 x( 1005 )^ 


|r(aij)(a:)|cia: 
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For term D, we observe that 


'(1000‘=xR"2 


\T{aR){x)\dx = 


/ ^ 

'(100/)'=X100J ^ (1000'= X (100 


Let us first estimate the term Di. In what follows, we let ti 
by = (Li (g) 1.2)bR and aR ^2 = (li <H) L 2 )hR. It follows that 


^\T{aR){x)\dx = Di + D 2 . 

= i{I), t 2 = i{J) and denote 


(4.7) qr — (Li g) L2)hR — (li g L2)aR^i — (Li g l2)a_R,2. 

For every xi G we have the identity: 


g{xi) = / sdsj ■ g{xi) 


-2 






(4.8) 


= t 


= ti" 


s(li — e * '^)g{xi)ds + / se ^ '^g{xi)ds 


\/21i 




Jo 

This, in combination with the fact that g 12 ) 0 /? = clr, 2 , gives the term Di in the 
following way 




Di < 


-2 


a-2 


+Ct\ 

= Dll + Di2 


s|T o ((li - e g l 2 )(aij)(xi,a; 2 )|(ia;icia; 2 ds 

(1000‘=xl00J 

|T o ((li - g l2)(aij,2)(a:i,a;2)|da;ida;2 

(lOOO'^xlOOJ 


Fix Hi so that a/j(i/i, •) is supported on lOJ. Hence one may apply Holder’s inequality to 
the term Du to obtain 


7^11 < J jj s||{iF(^Hxi,yi)-iF(,2^o)(a;i,2/i)}aij(|/i,-)l|ii(l^^l^ioo|j|.rf^^)C?2/icia;ids 

0 ( 1000 ‘=xl 0 / 

\/2ti 

< y jj s\\K^^\xi,yi) - K^,2^Q){xi,yi)WL-^^L^) 

0 (lOOO'^xlO/ 

x||aij(|/i, •)||L 2 (dy 2 ) dyidxids. 


Noting that \xi — yi\ > 50i{l) > 50;^ • i{I) = 50;^ ■ ti > ■ s, we have 


77ii 


< 

< 


C'7i(D) / sds / \\aR{yi,-)\\mdy2) dyi 

Jo JlOI 

C7i(D)-Vr^^|7r/^(y^J|aij(|/i,-)lli2(dy3) dyi^ ' 
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< C^,{R)-W"hR\\L^- 

The similar argument as above shows that 


(100/)'= 10/ 

x|l(«H,2)(!/i,')IU2(d») dyidxi 

Jsi 

< Ce{I)-^\R\^/^MR)-%n,2\\L^- 

From estimates of Du and D^, we use the property of {Hl_^ atoms and Journe’s 

covering lemma to get 


/ |T(aH)(x)|cia: 

Rem(O) ■f(100/)=xl00J 

< C j,{R)-W^^{hRh + i{I)-^an,2\\L^) 

R£m{Q) 

< c{ Y. 11 E ii<iHiii)"'T ( ^ w‘‘ii<iH,2fy)"'d 

R£7n{Q) R£m{fl) R£m{Q) 

< < c. 

Consider the term ^ 2 - We use an argument in fl4.8p and the fact that qr = (Li ®L 2 )hR = 
(li ® L 2 )aR^i = {Li ® 12 ) 0 / 1,2 to obtain 

\/ 2 ti \/ 2 t 2 

D 2 = J j JJ SiS2\T o ((li - (g) (I 2 - e~"^^^)){aR){xi,X2)\dxidx2 ^^^^^^‘^ 

0 0(100/)'= x(100J)'= 

\/2ti 

+ y JJ si|T O ((li - (g) (I2 - e"^*i^))(ai?,2)(xi,X2)|dxidx2^ 

0 ( 100 /)'= X (100/)'= ^ 

\/ 2 t 2 

+ y JJ S2|T O ((li - (g) (I2 - e"*2^))(ai?,i)(a;i,X2)|dxida;2^ 

0 ( 100 /)'= X (100/)'= 

+ 4(tif2)"^ JJ |To ((li - (g) (I2 - e"^^2^))(6ij)(a:i,X2)|da:ida:2 

( 100 /)'= X (100/)'= 

= D21 + D22 + -D23 + -D 24 - 

To estimate the term ^ 21 , we use the use condition fl4.4p to obtain 
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D 21 = 

< 

< 

< 

The similar argument as above shows that 
-D22 +-D23 +-D24 < C'ji{R) 

From the estimate of terms -D 21 ; D 22 , -D 23 and -024, the Holder inequality, Journe’s covering 
lemma and the properties of 2, M) atoms, we have 

(4.9) V [ \T{aR){x)\dx <C. 

Rem{n) >^{100/)'=x(100J)'= 

Now, think of replacing H by H. For each R = I x J E m{Q) there corresponds a new 
rectangle R' = I x J E mi(r2). Since Q is the longest dyadic interval containing J so that 
I X Q <E then 
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\/2n y/2t2 


S 1 S 2 


'3R 


2 /d X2, y2)aR{yi, y2)dyidy2 


, , dsids2 

dX\dX2 — 72~2 — 


j-zy-z 

6162 


0 0(l00/)^x(100J)^ 

\/ 2 t\ ^/ 2 t 2 

I ( Li-j/i|>7iti \^^{tiq){xi,yi,X2,y2)\dxidx2^\aR{yi,y2)\dyidy2^^^ 


^/2tl^/2t2 

C 7 i(i?)“^ 72 11 0^11^1 ( 3 ^) [ [ 


0 0 


1''2 


C'jiiR) ^\R\^^'^\\aR\\L 2 (since 72(/2) > 1). 


(4.10) [ \T{aR){x)\dx < c\R\^^'^'y 2 \R',^)\\aR\\L^dydt/{ht 2 ))■ 

JM.'^l x{iooQY 

The claim is that X]_Rem(o) l-^l7^^*^(-^^ — C'lfll. This is so because if Ri and R 2 are in 

m{Q) with R[ = R 2 then Ri H R 2 = ^ or Ri = R 2 - It follows that 


J2 < 


< 


E (E 

KGmi(S7) R=R' 

E 

R&mi(Q) 

C\Q\ < C\Q\. 


Estimate (14. 6 p is obtained and then we obtain the proof of Theorem 14.II for / G ^ 

M"'2)nL^(M”i xM"'^). It then follows from a standard argument that for any / G x 
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/ has an atomic decomposition (12.dh . See, for example, Chapter III of |16]. This 
completes the proof Theorem 14.11 

□ 


5. Appligations: boundedness oe double Riesz transeorms associated to 

SCHRODINGER OPERATORS AND MULTIVARIABLE SPECTRAL MULTIPLIERS 

In this section we shall deduce endpoint estimates of a class of examples of singular inte¬ 
grals with non-smooth kernels including the double Riesz transforms associated to Schrodinger 
operators and the Marcinkiewicz-type multipliers for non-negative self-adjoint operators on 
product spaces. 

5.1. The double Riesz transforms associated to Schrodinger operators For every 
i = 1,2, we let Vi G be a nonnegative function on The Schrodinger operator 

with potential Vi is dehned by 

(5.1) Li = -A„, Vi{x) on n* > 1. 

The operator Li is a self-adjoint positive dehnite operator on From the Feynman- 

Kac formula, it is well-known that the kernel pt{xi,yi) of the semigroup satishes the 
estimate 

(5.2) 0 < pt{x,, Vi) < 

However, unless F) satishes additional conditions, the heat kernel can be a discontinuous 
function of the space variables and the Holder continuity estimates may fail to hold. See, 
for example, [T6] . 

Consider the double Riesz transform T := (8) associated to the operators 

Lj. An alternative dehnition is 

1 poo poo Jp 

(5.3) T/(xi,X2 ) = —y y ®V:c2(V^^^^)f{Xi,X2)-J=. 

It was proved in [13] that for every i = 1,2, the Riesz transform ' is bounded on 
Lp(ML^) for 1 < p < 2. See also [HI [20l 00]. Hence, by using iteration argument, the double 
Riesz transform T is bounded on Lp{ML^ x M”^) for 1 < p < 2. 

Theorem 5.1. Assume that Li = — A„. = 1,2, where Vi G Lj(,^(M”*) is a non-negative 
function on Then the double Riesz transform (8) extends to a bounded 

operator from x M"^) to x 

Proof. This theorem is a direct consequence of Theorem 4.1 by verifying conditions fl4.2p . 

(|4.3p and (|4.4|) . 

Let us verify condition fl4.2p . Following notation in Theorem 4.1, we assume that K{xi,yi, X 2 , 1 / 2 ) 
is an associated kernel of the double Riesz transform T = (8) in the sense of 

fll.ip . From the dehnition, we can write in the form: 


( 5 . 4 ) 


K{xi,yi,X2,y2) = Ki{xi,yi) ■ ^2(2:2,2/2), 
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where Ki{xi,yi) is an associated kernel of the Riesz transform = 1,2. Con¬ 
sider the composite operators T o <8) > 0, which have associated kernels 

K(ti,t 2 ){.xi,yi,X 2 ,y 2 ) in the sense of fll.ip . Let /cp2^o)(^i)2/i) be an associated kernel of the 

composite operator Then, 

( 5 . 5 ) K{xi,yi,X2,y2) - /s:p 2 ^o)(^D 1 /u^2,2/2) = k^t 2 ^o)ixi,yi) ■ ^2(3^2,2/2)- 

The proof is done if we show that 


(5.6) / |fc(j 2 o)(xi,i/i)|da;i < (^ 7 /, V 71 > 2 

C > 0, 

VL 2 is bounded on L^(M"'2), we have 


'hi-j/i|>7iU 

for some constants 5 > 0 and C > 0, and then using the fact that the Riesz transform 




\\K^^\xuyi) - R'SoRXl,|/l)||(L2(Rn2) i2(Rn2))dXl 


< IIVT-'/' 


< 


hho) 

‘2)^L2(R"2) 


'|xi-j/i|>7iti 


\k(tlo){xuyi)\dxi 


which proves condition 
Let us prove estimat 
The Riesz transform associated to Li is given by 


Let us prove estimate fl5.6p . Let pt{xi,yi) denote the kernels of the semigroup t-^e 


^ -tZ/1 


A Jo Vs 


.-slJs 


Therefore, 


1 

V^ Jo 


ds 

Ts 


^00 


TT 


d „T.duds 

V 

du u yjs 

.- 1 / 2 , 


and then the kernel k(j 2 Q-^[xi, yi) of the composite operator V be written 
in the form: 


k[tl,o)Vi,yi) 





Vpu{xi,yi) 


du ds 
u Vs' 


Note that by Proposition 3.1 of [20] . 
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for some constants /3 > 0 and C > 0. Let M > |. There exists a positive constant C 
depending only on n, {3 snch that 

(5.8) [ 

“'hi-yi|>7iH 

Using estimates fl5.7p . (15.Sp and the Holder ineqnality, we have 


1 

< 


\k(tlo){xuyi)\dxi 


20F 


f*oo ps-\-t^ 


'0 Js 




X 


dxi^ 

5 du ds 


q 1^1 ~V^ , 

3 ^ “ dxi 


'hi-!/l|>7lU 


U x/S 


^ y s n — Zl 

< Ci'Jltl) 2 

Jl. 

Now we divide the last term into 


roo 


M du ds 


ll 4 2 ^ 2 


U y/s' 


2 


C'(7iU) 


n-2M 

2 





M du ds 
U y/s' 


Let n/2 + 1 < M < n/2 + 2. By using elementary integration, we show that both of the 
above terms are bounded by This proves estimate (15.61) . and then the proof of 

condition (14.21) is complete. 

The similar argument as above shows condition (14.3p . For condition (14.41) . it is very easy 
to obtain by an iteration argument, and we skip it here. Hence, the proof of Theorem 15.11 is 
hnished. 

□ 


5.2. General multivariable spectral multipliers Suppose that Li and L 2 are non¬ 
negative self-adjoint operators such that the corresponding heat kernels satisfy Gaussian 
bounds (GE). Let us explain the dehnition of multivariable spectral multipliers. We consider 
two self-adjoint operators L*, i = 1, 2, acting on spaces The tensor product operators 

Li (g) I 2 and li (g) L 2 act on x M”^), where x jg the Gartesian product of 

and with the product measure. To simplify notation we will write Li and instead of 
Li g) I 2 and li g L 2 . Note that there is a unique spectral decomposition E such that for all 
Borel subsets H C M^, E{A) is a projection on x such that for any Borel 

subsets Aj C M, j = 1, 2, one has 

E{Ai g A 2 ) = El^{Ai) g El^{A2 ). 

Hence for any function F : ^ C one can dehne the operators F(Li, L 2 ) acting as operator 

on space x i^y formula 


(5.9) 


F{L^,L2) 


F(Ai,A2)dF(Ai,A2). 
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A straightforward variation of classical spectral theory argument shows that for any bounded 
Borel function F : —)■ C the operator F{Li,L 2 ) is continuous on x and its 

norm is bounded by ||F||loo. Assume that the operator F{Li,L 2 ) has an associated kernel 
K{xi,yi,X 2 ,y 2 ) in the sense that 


(5.10) 


F{Li,L2)f{xi,X2) 



K{xi, yi, X2, y2)f{yi, y2)dyidy2, 


and the above formula holds for each continuous function / with compact support, and for 
almost all {xi,X 2 ) not in the support of /. 

In this section we are looking for necessary smoothness conditions on function F so that 
the operators F(Li, L 2 ) is bounded on Hardy space 1 , 2 ^ M"'^) and on Llog’''L. The 
condition on function F which we use is a variant of the differentiability condition in Fourier 
multiplier result, see [ 33 ] • We shall be working with an auxiliary nontrivial function uj of 
compact support. The choice of u that will be in the statements is not unique. Let w be a 
C'^(M) function such that 

(5.11) supp w C (-, 1) and ^^Ci;(2“^A) = 1 for all A > 0. 


Set 


— <^(-^1)) V 2 {^ 2 ) — ^{^2), 171,2(^1, A2) — C(;(Ai)a;(A2). 

We dehne a family of dilations { 5 * 1 , 42 } acting on functions F : —)■ C by the formula 

(5.12) 5(t^^t2)F(Ai, A 2 ) = F(tiAi, f2A2)- 

Consider the following multiparameter Sobolev norm on functions F dehned on x R”^ = 

{ix,y)} 


ll-^ll VL|i_32(R"1 — ||(/ + + Aj^)®^'^^F||2,2(RnixRn2), 

where A^, and Ay are the standard Laplace operators on R^^ and R"^, respectively. Now we 
formula our main spectral multiplier result. 

Theorem 5.2. Suppose that Li and L 2 are non-negative self-adjoint operators such that the 
corresponding heat kernels satisfy Gaussian bounds (GE). Let si > S 2 > Then 

for any bounded Borel function F such that 

Cf,^,s = sup ||r/i5(ii,i)F||H^2 + sup 1^25(1,t 2 )E||ty 2 

tl>0 2 *2>0 ^ 

(5.13) + sup ||r7i,25(*i,i2)E||H/2 < 00 , 

tl,t2>0 

the operator F{Li, L 2 ) extends to a bounded operator from Hy ^ L^(R"'i xR"'^). 

Remarks. 

1) We assume that Li and L 2 are positive so F(Li, L 2 ) depends only on the restriction of F 
to [0, cxd)^. However, it is easier to state Theorem 15.21 if one considers functions F : R^ —)■ C. 

2) Let k = \Jy\ + 1,£ = + 1, where [a] is the integer part of [a]. It is not difficult to 

check that if F G C^(R) x C^(R) and 
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where Q < a <k and 0 < /3 < £, then F satishes condition fl5.13p . see [33], [T7| and [lO] . 

The proof of Theorem 15.21 will be achieved in several steps. First, we note that for every 
h > 0 , the composite operator F{Li, L 2 ){I—e is bounded on xM"^), and assume 

that it has an associated kernel ^ i/i, X 2 , 1 / 2 ) in the sense of (15.101) . Simi¬ 
larly, assume that in the sense of (15.101) . the composite operator F{Li, L 2 ){I — has an 

associated kernel iF |/i, X 2 , 1 / 2 ), and the composite operator F(Li, L 2 )(/— 

has an associated kernel ^ follow¬ 
ing (4.2), we set 


^(1) 

F(Li,L2)(/-e-*i^i) 

F(Li,L2)(/-e-*2^2) 


(a:i,i/i)(x2,2/2) = 

{.X2,y2){.xi,yi) = K^^^^^^^^^^_^_qi^^^{xi,yi,X2,y2)- 


We now state the following proposition. 


Proposition 5.3. Assume that the assumptions of Theorem \5.2\ are satisfied. Then we have 

(i) Let Ri > 0, Si > 0. Then for any S 2 > 1/2, there exist constants C = C'(si, S 2 , e) and 
rj > 0 such that for all 71 > 2 and ti > 0 , 


xi - yilY^dxi 

(5.14) < min {{hR,y\ihR,f} ||< 5 (Ri,i)F ||2 

Sj^+l-|-6 S2 

-2- 

for all Borel functions F such that supp F C [0, x [0, 00 ). 

(a) Let i ?2 > 0, S 2 > 0. Then for any si > 1/2, there exist constants C = C(si, S 2 , e) and 
r] > 0 such that for all 72 > 2 and ^2 > 0 , 


\K 


( 1 ) 




(a^u2/i)|| 


2 

L2(R"2)_ 


► L2(R"2) 


(1 -|- Ri 


X2 - y2\y^dX2 

(5.15) < C72-"i^rmin{(^2i^2)■^(t2i?2)"}||5(LR2)f’llw- 

for all Borel functions F such that supp F C [0, 00 ) x [0, i?|]. 

(Hi) Let i?, > 0, Sj > 0, i = 1,2. Then there exist constants C = C(si,S 2 ,e) and rj > 0 
such that for all 71,72 > 2 and ^ 1,^2 > 0 , 


K 


( 2 ) 


'h2-y2|>72t2 " i^(ilT2)(/-e-2-2) 


ix2,y2)\\ 


2 

L2(R"i)- 




(1 -|- R2 


n (1 + F\Xi - vAY'dx.dx^ 

h 2 —J/2j>72i2 *—1 

< min { (tii?i)^} min {(^ 2 ^ 2 )”"', (^ 2 ^ 2 )^} 
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(5.16) 

- 2 -’- 2 - 

for all Borel functions F such that supp F C [0, Rfl x [0, R"^]- 


Proof. Let us first prove fl5.14p . Set q)(Ai) = (1 — e *1^^) and 

^ 2 ) = 1 ) [F(Ai, A 2 )d)(i 2 o)(Ai)] . 

If denotes the Fourier transform of G(Ai,A 2 ) in the variable Ai, then by the Fourier 
inversion formula, 


F(Li,L 2 )(/-e-*i^i) = G(Li/i? 2 ,L 2 )e-^^/^? 

(5.17) = ^ f 

Jr 

Then the kernel 2 / 1 , 0 : 2 , 1 / 2 ) satishes 

(5.18) ^ I p^^_,^^)ji-2{xi,yi)KQa)^^,,L,)i^2,y2)dfi. 

J M 

Notice that by Lemma 4.2 in DU. we have 


which gives 


\x\-yi\>r 




rRi 


(1 + 161 ) 


' \xi-yi\>'yiti 

^ E 

^ 71^ 

"-'"'"'-(i+IUI) 

< {i + \^,\y^Rf^^ 


P(i-i^,)Ry{xuyi)\ \xi-yi\^^dxi 


AhJ^<|xi-yi|<(fc+l)+±hLl) 

fc>0: k> A 1 -1 


E (k+ir [ 

-v.. -t 1 Ti 1 ^ >7 


P(i_i^pR-2(xi,2/i)| \xi-yif^dxi 

P(i-i^,)Ry{xi,yi)\^dxi 


7,-\ 71^1^1 1 


|xi-yi|>A:h±hh) 


< (1 + I6l)^^7?r 

\ -r 


[k + iy^py 


—ck^ 


^> 0 - h'y 1 


^ (i + i6i)^^7?r7?r 

for some p > 0. This, in combination with fl5.17p and fl5.18p . gives 


A: = 


* 2^1 >D 1/1 ) 11 L2 (Rn2 )^^2 (r™^ ) ( 1 + I Xl - 1/1 I ) "MXl 


. J|xi-yi|>7iti F{Li,L 2){I e i i) 


1/2 


< c / iie(«(6,L.,)| 


L 2 (R" 2 )^L 2 (Rn 2 ) 


X 
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(5.19) 


X 




I ail-yi I > 71*1 

-r ,/2 


,2 \V 2 

|P(i-iORr"(^i’^i)l i^ +Ri\xi-yi\y"dxij d^i 


S“>({l,i2)|| 


1-H + e 


1 1/2 


L2(R"2)^.L2(Rn2) 


(l + I'CiH ^ d^i 


Note that hhf (M) C L°°(R) whenever s > 1/2. By the embedding theorem of Sobolev spaces, 
we have 


lG(^n^U^2)l|^2(Kn2)^L2(]R"2) ^ 


L°°( 6 ) 


(5.20) < C 

Putting fl5.20p into fIS.lOp . we obtain 


l^('Cl)'C2)l (1 + |'C2n^^^^d.^2 


nl/2 


A < CRy^^ljitiRi 


-v/2 


(5.21) < 


l+l-le 


1 G(^i,^ 2 )| (l + l^iT) ^ (l + 1 ^ 2 !^) ^ d^id ^2 


1/2 


T+l + € S2 

—2 - ’~T 


However, supp F C [0, i?^] x [0, 00 ) and supp 5(^2 C [0,1] x [0, 00 ) so if k is an integer 
greater than 


2 ’ 


\\G\\w^ 

II II I'l'si-l-l + e S 2 

“^2 -’■ 2 " 


l+l+e S 2 

“T-’T 


< ll'^(iihi) '^ 2 )*h(t 2 o)(Ai)] 

-2 

< G\\S{rIi)F\\w 2 ^^^^^ X ||(5(^2 i)(l - e )llc'=([o,i]) 

{Rihy 

- —\\urc >2 T\r IIt ^/2 


< 


^ Wi) n. ^ 1 , 


Therefore, 




+ l + e 32 
~2 - ^~T 




- 77/2 


+ 1 + E S 2 
T-'"2“ 


This proves (I5.14j) . 

The proof of fl5.15p is similar to that of fl5.14p . For the proof of fl5.16p . we can obtain it 
by making minor modihcations with Lemma 3.5 of im, and so we skip it. □ 


Proof of Theorem 15. A Let F : R"" —)■ C be a bounded Borel function such that condition 
fl5.13l) holds. To prove Theorem 6.1, it suffices to verify the assumptions of Theorems 4.1 
and 5.1 for T = F{Li,L 2 ), i.e., there exists some constants <5 > 0 and C > 0 such that for 
all 71,72 > 2, 


( 1 ) 


(5.22) / IIJL 

y|xi-,i|>7iti i^HiT2)(/-e-H-i) 


(ail, 1 / 1 )||L2(K'i2)^L2(Rn2)da:i < 1^71 


-s 
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(5.23) 

and 

(5.24) 


'|ii-»l>7ai2 F(l,^La)(I-e 2 2| 


|a; 2 —J/2|>72i2 


Let US prove fl5.22p . We write F(Ai, A 2 ) = i^(Ai, A 2 ) — F(0, 0) + F(0, 0). Replacing F by 
F — F(0,0), we may assume in the sequel that F(0, 0) = 0. Then we choose a function cj 
in C))°(M+) supported in [1/4,1] such that ~ VA G M+. Then we have for all 

Ai, A 2 > 0, 


F(Ai,A 2)= a;(2-%)F(Ai,A2)=; u;(,,i)F(Ai, A 2 ). 


£=—CO 


Let $p^^o)(-^i) = (1 — e Then we have 


R(Li,L 2)(1 —e uj(^ ijF(l — -^ 2 )- 


£= — 00 


By Proposition 15.31 we have 


IK 


( 1 ) 


< 


_i)F(l-<I-(t^_0))(Li,L2)^^l’ 2/l)||L2(R"2)^L2(R"2)dZi 


IK 


( 1 ) 


2/i)lli2(R"2)^L2(R"2)(l + 2^1x1 yi\f^^dxi 


1/2 


'pl-J/l|>7lil 

x( f (1 + 2 ^ 1 x 1 - 

\ Ar"i 

< min {(2^ti) 2% } ||(5(2qi) [uJie,i)F] ||^2 

Therefore, 


1/2 


, _,.l + e *2 
1 + T“’T 


K^ ^ _t2i (^1) l/l)||L2(]Rn2)^j;^2(Kn2)CiXl 


'hi-yi|>7iti F(Li,L 2 ){I e 1 1) 


W 


, , l + e «2 
I"!—2~’T 


< C 71 "'/^sup ||(5(27 i)[u;(£,i)F]||m/2 


. 1 + e S2 
1 + T”’^ 


as required to prove estimate fl5.22p . 

From Proposition 15.31 the similar argument as above shows fl5.23p and fl5.24p . and so we 
skip it. This completes the proof of Theorem 5.2. □ 
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